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In the previous lecture, we have shown a regret bound for the model-based RL problem. In this lecture,
we switch to the value-based RL. In the value-based setting, there also exist tons of literature about the
PAC or regret bound, and some of them attain the optimal rate. It seems that the theoretical foundation
is pretty solid. However, on the other side, we know that almost all the existing RL algorithms (e.g. DQN
(Mnih et al. [2015])) are brittle in the complex experimental experiment. Their results often chatter or even
diverge, and are very sensitive to the hyperparameters or neural network structures. So, what is missing
here?

The answer is the function approximation. Most known theoretical results consider the tabular case and the
complexity has dependence on |S|. In empirical, we usually have very large or even infinite state space |S|,
which makes the tabular algorithms intractable. Therefore, it is crucial for us to consider the theoretical
guarantee for the RL problem with function approximation. In the value-based setting, our goal is to find
a policy π that approximates π∗, and we are given an action-value function class F . It suffices to find
a f ∈ F that approximate Q∗, since the error between V πf (the greedy policy w.r.t. f) and V ∗ can be
upper bounded by a factor multiplies ‖f − Q∗‖. The (finite) function class F is much smaller than the all
possible action-value function and we hope to pay only log |F| dependence. In general, if we don’t make
assumption on the complexity of the environment, we will suffer intolerable exp(H) lower bound. Therefore,
Jiang et al. [2017] proposed the Bellman rank M to capture such complexity of the environment and showed
the Bellman rank is natural and small in many settings. They also proposed the OLIVE algorithm (Jiang
et al. [2017]), which can learn efficiently. Specifically, OLIVE achieves a sample complexity upper bound
that is polynomial to H, |A|,M, log |F| and some other standard parameters in statistical learning theory.
We will discuss the OLIVE algorithm in the following.

Algorithm 1 OLIVE Algorithm

1. Initiate F1 = F .

2. For t = 1, 2, 3, . . . Do

2a. Select ft = arg maxf∈Ft{Vf}.

2b. Run policy πft for cH4

ε2 log(|Ft|/δ) times, and estimate Ê(t)h (ft, πft) and Ê(t)(ft, πft).

2c. If Ê(t)(ft, πft) < ε/2, Then return ft.

2d. Otherwise let ht = arg maxh |Ê(t)h (ft, πft)|. (maxh |Ê(t)h (ft, πft)| ≥ ε/(2H))

2e. Collect n = cA
2H2

φ2 log |Ft|/δ trajectories; s1, . . . , sht
∼ πft , aht

∼ Unif(A), sht+1 ∼ Pht
(sht

, aht
).

2f. Estimate ∀f ∈ Ft, Ê(t)h (f, πft) ,
1
n

∑n
i=1A·1[aiht

= πf (siht
)](f(siht

, aiht
)−riht

−maxa{f(siht+1, a)})

2g. Let Ft+1 = {f ∈ Ft|Ê(t)ht
(f, πft) ≤ φ/2}.

Definition 1. For a given MDP with infinite states and horizon [H], we define ζ to be the norm of the
Bellman rank M if: ∀h ∈ [H], ∃ξh : F → RM , νh : F → RM , ‖ξh‖2 ≤ ζ, ‖νh‖2 ≤ ζ, s.t. ∀f, g ∈
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F , Eh(f, πg) = 〈ξh(f), νh(g)〉.

We assume that Q∗ ∈ F , and our goal is to calculate an (ε, δ)-PAC approximation of Q∗ or equivalently V ∗.

Theorem 1. With probability at least 1− δ, we can find f̂ ∈ F so that V πf̂ ≥ V ∗− ε within poly(H, |A|,M,
log |F|, 1/ε, ln(1/δ)) samples.

Remark 1. The realizability assumption that Q? ∈ F is natural. Otherwise, the sample complexity bound
should contain an approximation error term. For simplicity, we only show the exact realizability case. In-
teresting readers can refer to Jiang et al. [2017] for extended results on approximate case.

Proof sketch: The idea of the proof is to eliminate the sub-optimal function in F , and stop until we find
ε-optimal function. Claim 2 below tells us that the Q∗ will never be eliminated and Claim 3 shows us that
the function returned by the algorithm is ε-optimal. To guarantee the desired PAC bound, we still need to
addition two things. One is such event E happens with a high probability (Claim 1). The other thing is
that the elimination stops within polynomial time (Claim 4). To obtain Claim 4, we will need to apply the
Claim 5.

In the following, we will give a formal statement of the claims and their proofs. Finally, we will prove the
theorem.

To begin with, let’s consider our favorable event E : ∀t = 1, . . . ,H, the estimation error at Step 2b is no
larger than ε

4H , and the estimation error at Step 2g is no larger than φ
4 .

Claim 1. P[E] ≥ 1− δ.

Proof. By the concentration inequality (Hoeffding).

Claim 2. Q* will never be eliminated, i.e. Q∗ ∈ Ft,∀t.

Proof. Ê(t)ht
(Q∗, πft) = 0 always holds so Q∗ ∈ Ft+1.

Claim 3. When ft is returned, we have V πft ≥ V ∗ − ε.

Proof.

V πft = Vft − E(ft, πft)

= Vft − Ê(t)(ft, πft) + [Ê(t)(ft, πft)− E(ft, πft)]

≥ V ∗ − ε/2− ε/(4H)×H
≥ V ∗ − ε.

Claim 4. ∀h = 1, . . . ,H, the elimination step for ht = h is run by .M log(MHζ/ε) times.

Proof. Fix h, let t1, t2, . . . , be the rounds for ht = h.

Let B1 be Ballζ( ~O) in RM and for i ≥ 2, let B̃i = {~u ∈ Bi−1 : |〈~u, νh(fti−1
)〉| ≤ φ}. Also, we use Bi to

represent the minimum (volume) ellipsoid covering B̃i.

Firstly, we verify via induction that ∀f ∈ Fti , ξh(f) ∈ B̃i ⊆ Bi.

By Step 2d, we have that ∀i,∃~pi = νh(fti), s.t. ∃~u ∈ Bi, ~pi>~u > ε
4H .
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By Claim 5, when φ ≤ ε
4H ·

1
1000
√
M

, we have vol(Bi+1) ≤ 1/2 · vol(Bi).

On the other hand, vol(Bi) ≥ (φ/ζ)MBM . Combining these two inequalities, we get the number of elimina-

tions ≤ log2
ζMBM

(φ/ζ)MBM
= M log φ = M log(MHζ/ε).

Claim 5. Let B = {~u : ‖M~u‖2 ≤ 1} be an ellipsoid in Rd. Suppose ∃~p ∈ Rd, ~w ∈ B, s.t. ~p> ~w ≥ ε. Also, we
let B′ = {~u ∈ B : |~p>~u| ≤ εδ}, where δ ≤ 1

1000
√
d

and let B′′ be the min covering of such B′. Then we have

vol(B′′) ≤ vol(B)/2.

Proof. Firstly, we have the inequality ~p> ~w ≥ ε⇒ |〈M−1~p,M ~w〉| ≥ ε⇒ ‖M−1~p‖ ≥ ε.

Let Q be the ellipsoid Q = {M~u : ~u ∈ B′} = {M~u : |〈M−1~p,M~u〉| ≤ εδ, ‖M~u‖ ≤ 1} = {~q : |〈M−1~p, ~q〉| ≤
εδ, ‖~q‖ ≤ 1}.

Let ~r be the normalized vector, ~r = M−1~p
‖M−1~p‖ and let Q′ = {~q : 〈~r, ~q〉 ≤ δ, ‖q‖ ≤ 1}. We have that Q ⊂ Q′.

Then we use Q′′ to represent the min covering ellipsoid of Q′. We have

B′ = M−1Q ⊂M−1Q′ ⊂M−1Q′′ ⇒ vol(B′′) ≤ vol(M−1Q′′).

This means that
vol(B′′)

vol(B)
≤ vol(M−1Q′′)

vol(M−1Q)
≤ vol(Q′′)

vol(Q)
.

We can select M , rotate Q to Bd, and let ~r = (1, 0, . . . , 0)> as shown Figure 1.

Q′ ′ 

Q

Q′ 

r = (1,0,…,0)⊤

δ

Figure 1: Construction

Assume that Q′ = {(q1, . . . , qd)>, |q1| ≤ δ, ‖q‖2 ≤ 1}. We can construct Q′′ with the form Q′′ = {
(
q1
H

)2
+∑d

i=2

(
qi
R

)2 ≤ 1}. To guarantee Q′ ⊂ Q′′, we need
(
q1
H

)2
+ 1−δ2

R2 ≤ 1. We can pick H = 1
3 and R = 1 + 4δ2,

and check that such inequality holds. This implies that

vol(Q′′) = Bd ·H ·Rd−1 = Bd ·
1

3
· (1 + 4δ2)d−1 ≤ 1

2
Bd.

Therefore
vol(B′′)

vol(B)
≤ vol(Q′′)

vol(Q)
≤ Bd/2

Bd
=

1

2
,

which completes the proof.
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Proof of the theorem: By Claim 4, we know that the total number of episodes is O(MH). In 2b and 2g,
we both need polynomial samples (w.r.t. H, |A|,M, log |F|). Therefore, we only need polynomial samples in
total. By Claim 1, such event E happens with high probability (P(E) ≥ 1− δ) and Claim 3 tells us that the
returned policy is within ε range of the optimal policy. So we complete the proof.
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